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1. INTRODUCTION  

Among set of the problems, taking place in 

practice, the important place is occupied the prob-

lems, connected with the layout at strips and plates 

of two-dimensional geometrical objects, for exam-

ple, uncover details of the various form on sheets. 

The solving of irregular-shaped nesting prob-

lem has  interest  for such branches as the sewing, 

paper industry, shipbuilding, mechanical engineer-

ing, radio electronics, furniture manufactures. 

2.  PROBLEM STATEMENT 

Are given: :},...,,{ 21 nPPPP  niRPi ,1,2   

– list of geometrical objects (GO), 
2RQ – layout  

strip (LS) width W. 

Let's designate: Pi (ui) – geometrical object Pi, 

with coordinate’s vector of reference point ui R
2
; 

X (P (U)) – length of layout strip for P with nesting 

geometrical parameters U. 

It is necessary: 

To find such U, that min))(( UPX  

At following conditions: 

    jinjniuPuP jjii  ,,1,,1,intint 

     niQRuP ii ,1,\2   

3. SOLUTION STRUCTURE  

The structure of solving of this task corre-

sponds its partition on the subtasks, presented on 

the diagram of methodology IDEF0 on Fig. 1. 

 

3.1. Input data formats of  

two-dimensional GO 

Data input about geometry GO can be present 

files of a certain format.  

As a format of files for data storage one of 

widely used in CAD systems formats of an inter-

changing of the two-dimensional graphic infor-

mation (DXF, DWG and est.) can be chosen or the 

format oriented for needs of given realized applica-

tion. 

In the given work two simplified formats of 

text files have been developed for data storage 

about geometry GO: 

– File.sp – the text file containing the name of i 

– geometrical object, an amount of its vertices and 

their coordinates divided by a blank, in an index 

counter-clockwise in a local system co-ordinates.  

– File.lp – the text file containing the similar 

information about some list GO. 

3.2. Solving Approaches  

2D irregular-shaped nesting problem can be 

considered as the problem of the mathematical pro-

gramming defined on set of of feasible layouts of 

GO in layout strip (i. e. the layouts, satisfying to 

restrictions) [1]. 

One of applied modes for a solution of such 

problems is the method coordinate descent which 

leads to a partition of process solving on two parts: 

1. Modeling of dense movement of GO in the 

strip layout – an interior part. 


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2. Forming and a modification of sequence of 

objects to be place, and their orientation rather LS – 

an exterior (combinatorial) part. 

Main purpose of  interior procedure is deter-

mining the set of feasible locations that one GO 

may take with respect to another GO, such that ge-

ometrical objects do not overlap. 

3.3. The review of methods modeling 

not overlap of two-dimensional geomet-

rical objects 

Methods of feasible layouts, i.e. layouts where 

the objects do not overlap and fit inside the strip 

layout are describe in paper [2]. 

In our paper, there is chosen  the hodograph-

oriented  method  or method, named no-fit-polygon 

(NFP), based on  Minkowski sum [4], in view of 

following virtues  : 

– Simplicity of realisation for cases when 

placed GO is substituted by its convex hull, and 

already placed GO – non convex; 

– A high speed of computation . 

Consider algorithm of calculating the no-fit-

polygon in more details.  

Let are given: 

Polygon A, established in strip layout and set by 

edges Аi (i = 1, 2, …, n). Each edge of a polygon A 

has an sign – TurningPoint, accepting value true or 

false. The polygon edge is considered rotary 

(TurningPoint = true) if the interior angle at one of 

vertices of an edge is less 180 °, and at another – it 

is more 180 °. 

Convex polygon B or a convex hull of a non-

convex polygon B, which is required to be estab-

lished layout  strip, such that the polygons do not 

overlap. 

The algorithm consists of three stages: 
 Sort all edges of polygons by slope into one list – 

mergeList; 

 Forming list of edges for no-fit-polygon – gList; 

 Forming outer envelope from set of edges gList, 

received at the second stage – gives NFP [A,B] (see 

Fig. 2). 

Forming merge list of edges of polygons –  

mergeList.  

The edges of polygons are ordered anti-clock-

wise and their edges are indexed, since the left 

lower edge. 

The polygon B is inverted, i. e. the polygon      

– B = B* (-1) with the coordinates of vertices re-

ceived by multiplication on -1 of coordinates of all 

vertices  B, or otherwise, on the base list of edges of 

a polygon B, oriented clockwise. 

All edges of polygons A and – B are put into the 

list mergeList, and the list is sorted by increase of 

slope of edges to an abscissa axis. 

Forming list of edges for no-fit-polygon – gList. 

1. There is an empty list of edges gList. 

Fig. 1.  Structure of  solving 2D irregular-shaped nesting problem  
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2. The initial  position  р in the list mergelist 

is established:  

3. p = index of edge А0 of a polygon A; 

4. i = 0, where i – the counter of edges of a 

polygon A; 

5. Dir = 1, where Dir – a direction of reading 

list mergeList (1 – a direct direction, (-1) – 

an inverse direction); 

6.  Begin list reading. 

7. If the edge mergeList [p] belongs to a pol-

ygon - B the edge is added in the list gList.  

And, the direction of added edge changes 

on opposite, if indication Dir =-1. We go to 

a step 12.   

8.  If the edge mergeList [p] belongs to a pol-

ygon A and its index is equal I, the edge is 

added in the list gList. 

9.   If the edge mergeList [p] has sign 

TurningPoint = true, Dir = Dir * (-1). 

10.  i = i+1. 

11.  p = p+Dir. 

12.  If i <= A.size ( size of array of edges of a 

polygon A, we go to a step 8. 

13. We finish algorithm and exit.  

 

Forming contour of no-fit-polygon from set of 

edges gList. 

 From edges of  gList we build a polygon 

(generally self-intersected). 

Delete in the received polygon self-intersection 

and interior loops. 

We do it in two stages: 

 

a) we find all points of self-intersection of a 

polygon,  include them as points of an exterior con-

tour, and the edges which are between intersected 

edges it is deleted. 

b) we find all points which are between points 

with identical coordinates, and it is deleted them. 

 Under the received list of points we form a 

contour which is NFP[A,B] - GAB. 

On Fig. 2 the example of calculation NFP of 

two polygons is presented by the above described 

method. 

3.4. ALGORITHM OF DETERMINATION 

OPTIMUM LAYOUT OF A POLYGON 

The set admissible for the arrangement of a 

polygon of points represents association of the are-

as limited various NFP (generally it can be incon-

sistent).  

In the process of determination of an optimum 

point of place of next polygon Рj , from  set of ad-

missible points, we will consider points of local 

extreme. They can be found as a result of reviewing 

of following potential points of place (we will con-

sider that numbers of polygons correspond to posi-

tions in the place list): 
1. Vertices of  NFP Gij  next polygon to place  Рj and 

any placed polygon 1,1,  jiPi ; 

2. Vertices of NFP GQj next polygon to place Рj and   

strip layout  Q; 

3. Intersections of edges Gij among themselves; 

4. Intersections  of edges Gij and edges GQj. 

Fig. 2. An example of calculation NFP of two polygons 
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Each potential point of the place moves on  in-

put of algorithm and is checked on an admissibility 

and an optimality. 

Describe verbal exposition of algorithm. 

1. Coordinates of a checked point are compared 

to co-ordinates of a current optimum point of place. 

That which satisfies to following conditions gets 

out of  two points: 

– if the layout direction is set to the right, with 

the minimum coordinate on OX, in case of coinci-

dence х – with the minimum coordinate on  OY; 

– If the layout direction is set upwards, with the 

minimum coordinate on OY, in case of coincidence 

y – with the minimum coordinate on OX. 

2. If the current optimum point, go to a step (an 

optimum point remained without modifications). 

3. If the chosen point lies inside at least one of 

contours of NFP of the list { Gij }, we finish algo-

rithm work (the optimum point remained without 

modifications). 

4. If the chosen point lies out of a contour of 

NFP GQj, we finish algorithm work (the optimum 

point remained without modifications). 

5. We do the chosen point by a new optimum 

point of the layout. 

6. We finish algorithm and exit. 

3.5. ALGORITHM OF DETERMINATION 

GRAVITY CENTER POINT TO BE 

PLACED POLYGON 

Before the beginning of procedure of exterior 

optimisation for all GO in the task, calculate angle 

of rotation GO such,  that the gravity center point of 

each of them had the minimum coordinate on axis 

ОX (OY)  depending on the set direction of layout. 

Such position GO is considered rational. 

In case there are some positions GO with iden-

tical distance from a gravity center point to band 

bottom in what the distance from a gravity center 

point to the left (lower) band will be minimum gets 

out of them.  

By search of gravity center point, GO rotate ra-

ther the own system co-ordinate anti-clockwise on 

360 degrees with some step rotate. Rational coordi-

nates of a gravity center point and an angle of rota-

tion corresponding to them are defined. 

4. METHODS OF SOLVING 

2D IRREGULAR-SHAPED NESTING 

PROBLEM  

In considered work for finding sequence of 

nesting GO following modes of the organization of 

exterior procedure of optimization have been real-

ized:  

 Algorithm «the First Fit with sorted GO by 

area in descending order» (FF).  

 Genetic algorithm (GA).  

 Hybrid metaheuristic algorithm (GA+TA), 

consisting of two stages of optimisation: genetic 

algorithm and algorithm of a threshold admissibil-

ity. At such approach, at  the initial stage (applica-

tion of genetic algorithm), the majority of admissi-

ble layout is enveloped that, certainly, involves the 

positive moment. Then to each of "the good" solu-

tions received on the previous step, the algorithm of 

a threshold admissibility is applied. 

4.1. GENETIC ALGORITHM (GA) 

The genetic algorithm differs  that it does not 

use constructive (purposeful) operations in the pro-

cess of finding of solutions. Genetic algorithm op-

erates  with set of random solutions which is called 

population. The genetic algorithm bears  the collec-

tive beginning, there is  the majority of admissible 

area of solutions , that allows to find the solutions 

near to the optimum is considered.  

For adaptation GA on our task it is necessary: 

1. To select a population of properties of the 

plant characterized in interior parameters and influ-

encing its utility, i.e. to select set of operated pa-

rameters.  

),...,,( 21 nxxxX  . 

To present a vector  X  to the chromosome 

form. 

As the method of consecutive single layout is 

chosen, as such set (chromosome) there can be a 

priority list (PL) GO,  defining order of the layout, 

where  Xi - GO, characterised by the identifier (by 

ordinal number in the initial entering list), geomet-

rical parameters (coordinates in local system and a 

system concerning strip  layout) and orientation. 

2. To formulate a quantitative estimation of 

utility of variants of object (chromosome) — a 

utility function F . As such function minimisation 

of occupied part LS is chosen. 

3. To make the mathematical model of the ob-

ject representing algorithm of an evaluation  F for 

the set vector X . As such model the model NFP of 

the dense layout of polygons in LS is chosen.  

4. To choose algorithms of operators in GA. 

– A choice of parents for crossing. 

This operator imitates natural selection. As par-

ents the next chromosome of population and the 

chromosome randomly chosen from current popula-

tion which are distinct from first get out sequential-

ly. 

– A choice of an operator of a crossover. 

The crossover consists in transmission parts of 

genes from parents to children. It is chosen two-

point PMX (Partially Matched Crossover)  crosso-

ver. Chromosomes of parents are broken off in two 
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positions identical to both parents, rupture places 

are generated randomly. Crossover PMX is adopted 

specially for tasks at which in a chromosome there 

should be all possible genes (GO), and only once. 

At an interchanging parts of genes of parents if in a 

chromosome – child the gene of one of parents 

meets repeatedly it is substituted with the interfaced 

gene of other parent. 

– A choice of an operator of a mutation. 

The operator of a mutation of a chromosome-

descendant is fulfilled with the set probability. To 

some probability there is an interchanging of ordi-

nal values of following GO in the priority list, cho-

sen in a random way and rotate chosen GO on the 

set angle. Thanks to mutations the area of genetic 

search extends. 

– A choice of an operator of selection. 

After each iteration population of children is 

formed, the new generation joins the best chromo-

somes from parental population and population of 

children, that  the principle elitism is used. 

4.2. ALGORITHM OF A THRESHOLD 

ADMISSIBILITY 

The algorithm "Threshold Accepting» TA is 

method modification «Simulated Annealing» and 

bears the individual beginning. 

Method TA has that advantage before a method 

«Simulated Annealing» that it depends only on one 

parameter – particular threshold (T). 

Irregular-shaped nesting problem using hodo-

graph-oriented  adaptation of this method is consid-

ered in [3]. 

As criterion of the termination and criterion of 

an equilibrium state we will accept an amount itera-

tions as parameters of exterior optimization. 

The threshold modification happens is multipli-

cative:  

  currentnew TT , 

where α – factor of lowering of a threshold (it is set 

in a range from 0 to 1). 

In our case the algorithm of TA is applied to 

each chromosome (PL) the best population, re-

ceived as a result of work GA. The next solution is 

formed by rotate randomly chosen GO on the set 

angle. 

5. PARALLELIZATION 

IN THE PROGRAM 

The multi-core processor allows to multi-

sequencing part of operations in task. 

Operations of cycle on population size, per-

formed in parallel in realization of genetic algo-

rithm. Library TPL (Task Parallel Library) parallel-

izing in.NET Framework is used. Parallelism of the 

data is supported by means of method For (), de-

fined in class Parallel.  

For example, parallelization ensures reduction 

of computational time in 4 times , if size of popula-

tion N = 30 and number iterations 10 at layout 17 

non- convex geometric objects. 

6. COMPUTATIONAL RESULTS 

For an estimation of quality of the received so-

lutions the factor of layout  Kp which is defined by 

the ratio of the sum of areas of all GO, placed in LS 

to area of the rectangle limited to a width and 

length (height) of area of the layout  is used.  

 

 

Fig. 3 

 

a 

 

b 

Fig. 4. Best solutions GA+TA:  

a – example 1,  b –  example 2 
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For estimation of efficiency of the software re-

alizing considered algorithms, the test data using 13 

GO, 1 convex and 12 non-convex (Fig. 3) has been 

used. 

Example 1. Input list of following GO: P1, P2, 

P3, P4, P8, P9, P10, P11, P13 on 1 unit; P5 on 7 

units; P6 on 8 units; P7 on 2 units; P12 on 10 units. 

In total: 36 GO. The strip layout has a width 20.  

Example 2. Input list of following GO:  P1, P2, 

P4, P7, P8, P9, P10, P11, P12, P13 on 1 unit; P3 on 

5 units; P6 on 15 units; P5 on 4 units. In total: 34 

GO. The strip layout has a width 25. 

The best solution for examples 1 and 2 is re-

ceived by the algorithm at use of the hybrid scheme 

(GA+TA) – genetic algorithm + algorithm of a 

threshold accepting. The best solutions are present-

ed in Fig. 4. 
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Аннотация: Среди множества задач, возникающих на 
практике, важное место занимают задачи, связанные с 
нерегулярным размещением двумерных геометриче-
ских объектов, например, раскрой листов на плоские 
заготовки, компоновка двумерных объектов в задан-
ной области размещения. Все они являются задачами 
оптимизационного геометрического моделирования и, 
с точки зрения комбинаторной сложности, принадле-
жат к классу NP-трудных. Дополнительную геометри-
ческую сложность при их решении составляет пробле-
ма соблюдения условий взаимного непересечения 
размещаемых объектов между собой и с границами 
зоны размещения. В работе рассматривается задача 
нерегулярного плотного размещения  невыпуклых  
геометрических объектов, аппроксимированных мно-
гоугольниками, на полубесконечной полосе мини-
мальной длины. Для её решения предложен внутрен-
ний алгоритм с применением годографа функции 
плотного размещения, основанный на анализе воз-
можных точек занесения объекта в область упаковки и 
алгоритм внешней оптимизации с использованием 
гибридной метаэвриcтики. 

Ключевые слова: нерегулярное размещение геометриче-
ских объектов; годограф функции плотного размеще-
ния; условия взаимного непересечения двумерных 
геометрических объектов. 
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